I. INTRODUCTION
Recently, Jona-Lasinio and Mitter [7] , following up on a program proposed by Parisi and Wu [IS] , constructed a nonlinear stochastic differential equation taking values in the space of distributions on a finite rectangle in R2 so that the resultant process is an ergodic Markov process whose unique invariant measure is coincident with the finite volume Euclidean (d")* measure. (See also [ 13, 143 for related expositions.) They called this procedure the stochastic quantization of field theory. This process, which we shall refer to as the (d")* process, is the continuum analog of the statistical mechanical models known as the interacting particle systems [lo] . The motivation for the latter was to introduce dynamics in the study of equilibrium statistical mechanics so as to shed light on critical phenomena such as phase transitions. This was achieved by constructing a stochastic process which has the equilibrium (Gibbs') distribution as its invariant measure. Similar considerations motivate the study of the (44)2 process.
In the existing work on distribution-valued s.d.e.s. (see, e.g., [6, 81 ) the drift term of the s.d.e. in question is explicitly specified as a suitable map of the state process. In contrast to this, the drift term of the (44)2 process involves Wick ordering and is thus specified only as the Lp-limit of a suitable approximating sequence with respect to a specific probability measure. This presents certain technical problems. The approach of [7] was to generalize the concept of a weak solution for a finite-dimensional s.d.e. to this infinite-dimensional situation. This solution is defined by a change of measure argument based on the Cameron-Martin-Girsanov theorem [ 111 as in the finite-dimensional case, but a rigorous justification of this procedure presents considerable technical difficulties. The key step is to show that the so-called Girsanov density (see (4.4) ) is an exponential martingale. In [7] this is proved using moment estimates for the Girsanov density based on Feynman graph calculations and a variant of Nelson's estimates for exponents of integrals of semibounded Wick polynomials [ 17, pp. 148-1541. This paper extends the results of [7] in several ways. The restriction in [7] that the parameter E appearing in the s.d.e. under study (see (3.7) ) should belong to (0, l/10) is dropped. The process is constructed in both finite and infinite volume with general boundary conditions in the former case and the relation between them is clarified. The proofs avoid several complicated computations needed in [7] .
The organization of the paper is as follows: Section II establishes the notation that will be followed throughout and briefly reviews the essentials of the infinite-dimensional Ornstein-Uhlenbeck process. Section III gives a construction of the (44)2 process in finite volume using the theory of Dirichlet forms [l] . A stochastic differential equation satisfied by the process is also derived. Section IV establishes suitable uniqueness in law result for this process for the finite volume case, in addition to establishing its path continuity, absolute continuity in law with respect to the OrnsteinUhlenbeck process on finite time intervals, and ergodicity. Section V proves a finite to infinite volume limit theorem under half-Dirichlet conditions at the process level, i.e., the corresponding (&")* processes are shown to converge in an appropriate sense.
Remarks. The methods of this paper will also work for general P(q5)Z processes for semibounded P.
II. NOTATION AND PRELIMINARIES
Let A c R* be a finite open rectangle in R2. Let S, = {f: A --+ % I~E Cm(l) withS= 0 on the boundary}, s, = P(A), S' will denote g'(A), the space of distributions on A and 9" will denote the space of tempered distributions in R*.
Let Cj= (-A +I))', i = 1, 2, with Dirichlet (resp. free) boundary conditions for A. Let (All, e,} and {g;', g,} denote the corresponding normalized eigenbases on L*(A), so that {en};=, c S, and (gn}:=, c SZ.
For QE '$3, i= 1, 2, let H;(A) denote the Hilbert space obtained by completing S, with respect to the inner product (f, s>,=C%Xf,en><gTen)
for i=l " and (f, g>a=CWL gn)(g, sn> for i=2, n where (., . ) denotes the L2 scalar product. Clearly {A;1/2e,}, {t;"'gn} will be orthonormal bases for H;(A), i = 1,2. In much of this paper, we shall prove results simultaneously for i = 1, 2 and all finite A. Hence for simplicity, we may often delete the sub-index i, leaving the reader to infer the specific i from the context. The following is immediate:
Sic(-) H;cU H;=S', (2.1) x OL where na H; is topologized by countably many seminorms Il.lln=,/~ and UZH7 is then topologized via duality.
For a covariance operator C, C( ., . ) will denote its integral kernel, C", its LX th operator power, and pc the centered Gaussian"measure on s' with covariance operator C. Let : :j, j= 1,2, denote the Wick ordering with respect to Pi,, j= 1, 2, respectively (for details of Wick ordering, see [4, Chap. 81 ). The (q34)2 measures p,,(i,j), i,j~ { 1, 2}, for finite A are defined by dl*Ai, j) ---qy=exp( -flA :4':,dx)/Z,(i,i), where (2.2) For finite A let C, denote the sub-o-field of the Bore1 a-field of S' generated by the maps cp -+ q(f) for smoothfsupported in ,4. The infinite volume (q34)2 measure ,E is defined by The above goes through in toto if C,, Pi,, (A,} {e,} are replaced by C,, k2, {L 1, i g,, 1. respectively.
The following lemma will be of crucial importance in Section IV. Q.E.D.
III. CONSTRUCTION OF THE (4): PROCESS IN FINITE VOLUME
In this section we construct the (4); process by using the theory of Dirichlet forms.
Let A c R' be finite and let C, C' denote resp. C,, C, for some i, j in { 1,2}. Let p denote the corresponding measure p,,(i, j) (see Eq. (2.2)) and : : denote Wick ordering with respect to C'. Let {a;', h,} denote either { 3.; l, e,} or {t,;', gn} depending on whether i = 1 or 2. al; 'pq:b3: (hJ dp. (3.5) Rearranging these terms, multiplying both sides by at+&'*(e, h,,), and summing over j, we get an expression for the R.H.S. of (3.4), which when substituted into (3.4) yields (3.2) by virtue of (3.3).
Q.E.D.
COROLLARY 3.1. V is closable.
Proof: The above theorem shows that V * is the adjoint of V. Since V * is densely defined, the claim follows from a standard fact of functional analysis [9, Theorem III.5.28].
The closure of V will be denoted by V. Remark. In what follows, we use several results from the theory of Dirichlet forms as in [3] . The Dirichlet form theory is developed in [3] under a local compactness hypothesis on the state space of the symmetric Markov process under consideration. The state space of our process is not locally compact. However, the specific implications we use here do not require this restriction, as a careful look at the proofs of [3] shows. Vge L'(p), that is, p is an invariant probability measure for this process. The symmetricity of the process follows from the self-adjointness of (T,).
We shall refer to the process constructed above as the (4")* process. It will be denoted by d(. ). This allows us to define as in [7] the stochastic integral s ; <:#3(sL dw'(s)), f30 (4.3) by means of finite-dimensional approximations. The reader is referred to [7] for details of the actual construction. Note that (4.3) is a zero mean square-integrable martingale whose quadratic variation process is > 1 (4.6) By the Cameron-Martin-Girsanov theorem [ 1 l] and the observations immediately preceding the statement of the lemma, it follows that under probability measure P, defined by dpn-r dp- Proof. This is immediate from the foregoing and the sample path properties of the O.-U. process.
Q.E.D. -exp( -2tC--E) ))1'2 for some constant K. Since det(Z-exp( -2tCpE)) = n,, (1 -exp( -2tL;)) and A,, -+ co, it follows that for some constant K', det(l-exp(-2t(C-")))BK'-'n (I-exp(-2t~;l)) " = det(l-exp( -2tC))/K'. .7), r. A T= T a.s. By mutual absolute continuity of the probability measures under consideration, T A T = T a.s. and we are done.
Q.E.D. Proof: Suppose p' # p is an invariant probability measure for q5( .) as an H '-valued process. Let t > 0. From Lemma 4.2 and the fact that the transition probabilities of 40( .) for t>O are mutually absolutely continuous with respect to pc and hence with respect to p, it follows that the law of T(t) above is mutually absolutely continuous with respect to p. Since this is true for $-a.s. cp, CL' itself must be mutually absolutely continuous with respect to p. The claim is now immediate from Corollary 4.2.
Q.E.D. 
V. THE INFINITE VOLUME LIMIT AT THE PROCESS LEVEL
Recall that ji was constructed by taking the limit of finite volume (#4)2 measures under half-Dirichlet conditions, i.e., i = 1, j = 2. We prove here an analogous convergence theorem at the process level.
Let {A,,> denote a sequence of open rectangles in R2 increasing to R2. Let Cl", C,, denote the operator ( -A + 1) -' on A, with Dirichlet and free boundary conditions, respectively, C = ( -A + 1 )-' on R2, and : :,, , : : the Wick ordering with respect to C2", C, respectively. There exists a constant c < co such that for any g in 9(A) and p = 4/(4 -j), j < 4, we have I ew(W: (g)) dp G ev(c ( II gll L, + II gll it,,) ), (5.2) where c does not depend on A.
ProojI The case for finite A is proved in Theorem 12.2.2 of [4] . Let g be compactly supported such that supp g c Ai with /iit R* as in Theorem 1.2.1 of [4] . By this theorem, the laws of exp(:@:(g)) under /A,,, converge weakly to that under p for A = R* as i -+ co. The claim now follows by Fatou's lemma and Skorohod's theorem that allows us to pass from convergence in law to almost sure convergence [IS, p. 91.
Remark. By a simple approximation argument, this extends to g in na H;(A) for finite A. Th is, in fact, is the case we use later. By a diagonal argument, we can find a further subsequence of {n}, again denoted by {n}, such that this is true for each m 2 1. This allows us to consistently define a probability measure on C( [0, a); g'( R2)), endowed with its Bore1 a-field, according to the following recipe: Let d(w, t), w E C( [0, co), g'( R')), t 2 0, be defined by $(w, t) = w(t). Put on C( [0, 00); SS'(R2)) the probability measure under which the restriction of &w, .) to A, coincides in law with the limit of +"z"( .) above as m <n + co. We suppress the w-dependence and write d( .) for &w, . ). By (2.4), it follows that the law of d Clearly, { gi} can also approximate {fi} arbitrarily closely in H;2"(n,) and HiPE(n,). As for the second case, letTi= Ct;"f,, gi= CtO;"gi. Then 2 is also a finite linear combination of {e,). A suitable gi can be obtained simply by truncating the Fourier series for yip nZ &(,4,,) so as to approximate the latter arbitrarily closely in H";(n,) for any prescribed CI. By Sobolev embedding, we see gi can approximate 5 arbitrarily closely in C(J",) and hence in L4(d,,,). for SE Cr. Thus d(. ) satisfies (3.7) as a 9'(P)-valued process. That 4( .) is in fact an S-valued process follows from the fact that ,L is supported on S'. One can then extend (5.11) to f~ S by an approximation argument. Q.E.D.
